A random variable X is said to have the skew-Laplace probability distribution if its pdf is given by
Introduction
Very few real world phenomena studied statistically are symmetrical in nature, thus, the symmetric models would not be useful for studying every phenomenon. The normal model is, at times, a poor description of observed phenomena. Skewed models, which exhibit varying degrees of asymmetry, are a necessary component of the modeler's tool kit. The term skew Laplace (SL) means a parametric class of probability distributions that extends the Laplace probability density function (pdf) by an additional shape parameter that regulates the degree of skewness, allowing for a continuous variation from Laplace to non-Laplace.
Gokarna Aryal is an Assistant Professor of
Statistics in the Department of Mathematics, CS and Statistics at Purdue University Calumet. His research interest includes distribution theory, reliability analysis among others. Email: aryalg@calumet.purdue.edu. Chris Tsokos is a Distinguished University Professor in mathematics and Statistics at the University of South Florida. His research interests are in modeling Global Warming, analysis and modeling of cancer data, parametric, Bayesian and nonparametric reliability, and stochastic systems, among others. He is a fellow of both ASA and ISI. Email: profcpt@cas.usf.edu.
The skew Laplace distribution as a generalization of the Laplace law should be a natural choice in all practical situations in which some skewness is present. Several asymmetric forms of the skewed Laplace distribution have appeared in the literature with different formulations. Aryal et al. (2005b) studied extensively the mathematical properties of a skew Laplace distribution. This distribution was developed using the idea introduced by O'Hagan and studied by Azzalini (1985) . A random variable X is said to have the skew symmetric distribution if its probability density function (pdf) is given by
where, -∞< x< ∞, -∞< λ< ∞, g(x) and G(x) are the corresponding pdf and the cumulative distribution function (cdf) of the symmetric distributions.
The Laplace distribution has the pdf and cdf specified by Aryal et al. (2005a) proposed a reliability model that can be derived from the skew Laplace distribution on truncating it at 0 on the left. This is called the truncated skew Laplace (TSL) probability distribution. The cdf of this reliability model for 0 > λ is given by ( )
and the corresponding pdf is given by
It is immediate that the reliability function ) (t R and the hazard rate function ) (t h of a TSL random variable is given, respectively, by
Also, note that the mean residual lifetime (MRLT) of a TSL random variable is given by
This article provides a comparison of this reliability model with other competing models, namely, the two parameter gamma and hypoexponential distribution. We also study an application of the TSL probability model in preventive maintenance and cost optimization.
TSL vs. Gamma Distribution
A random variable X is said to have a gamma probability distribution with parameters α and β denoted by ) , ( β α G if it has a probability density function given by 1 ( ; , ) 
If α is an integer, then the reliability function is given by
The hazard rate function is given by
The shape parameter α is of special interest, since whether α −1 is negative, zero or positive, corresponds to a decreasing failure rate (DFR), constant, or increasing failure rate (IFR), respectively.
It is clear that the gamma model has more flexibility than the TSL model as the former can be used even if the data has DFR. In fact, the standard exponential distribution is
in the gamma model α >1, it has IFR which appears to be the same as that of the TSL model, but a careful study has shown a significance difference between these two models, this is the case for which real world data -where the TSL model gives a better fit than the competing gamma model -could be presented.
According to Pal et al. (2006) the failure times (in hours) of pressure vessels constructed of fiber/epoxy composite materials wrapped around metal lines subjected to a certain constant pressure, studied by Keating et al. (1990) respectively. Since the smaller D-statistic, the better is the fit so it is concluded that the TSL model fits better than the gamma model. Figure 1 displays the P-P plot of the fits of the pressure vessels data assuming the TSL and the gamma models. It is clear that the TSL pdf is a better fit than the gamma model. Thus, the TSL is recommended for the pressure vessel data. Table 1 gives the reliability estimates using TSL and gamma models. It is observed that there is a significant difference in these estimates.
TSL
vs. Hypoexponential Probability Distribution
Observing the probability structure of the truncated skew Laplace pdf it is of interest to seek an existing probability distribution, which can be written as a difference of two exponential functions.
Since the hypoexponential distribution has this characteristic the TSL pdf will be compared with the hypoexponential pdf. Many natural phenomena can be divided into 
The reliability function
The hazard rate function Table  2 ). In addition the mean residual life times were computed for both the models at 2 / n t t = .
In Table 2 , Table 2 shows that if the sample size is large and the difference between the two parameters 1 λ and 2 λ is large both the TSL and hypoexponential model will produce the same result. However, for a small sample size and a small difference between 1 λ and 2 λ a significant difference is observed between the two models.
Figures 2-5 illustrate the plotted reliability graphs and provide the support for these findings.
TSL Distribution and Preventive Maintenance
In many situations, failure of a system or unit during actual operation can be very costly or in some cases dangerous if the system fails, thus, it may be better to repair or replace before it fails. However, it is not typically feasible to make frequent replacements of a system. Thus, developing a replacement policy that balances the cost of failures against the cost of planned replacement or maintenance is necessary. Suppose a unit that is to operate over a time 0 to time t, [0, t] , is replaced upon failure (with failure probability distribution F). Assume for an infinite time span. Because the TSL probability distribution has an increasing failure rate it is expected that this model would be useful in a maintenance system. Age Replacement Policy and TSL Probability Distribution Consider the so-called age replacement policy; in this policy an item is always replaced exactly at the time of failure, or at * t time after installation, whichever occurs first. This age replacement policy for infinite time spans seems to have received the most attention in the literature. Morese (1958) showed how to determine the replacement interval minimizing cost per unit time, while Barlow and Proschen (1962) proved that if the failure distribution, F, is continuous then a minimum-cost age replacement exists for any infinite time span.
In this article, the goal is to determine the optimal time * t at which preventive replacement should be performed. The model should determine the time * t that minimizes the total expected cost of preventive and failure maintenance per unit time. The total cost per cycle consists of the cost of preventive maintenance in addition to the cost of failure 
is the mean of the truncated distribution at time * t . Hence, the expected cost per unit time is equal to:
Assume that a system has a time to failure distribution of the truncated skew Laplace pdf; the goal is to compute the optimal time * t of preventive replacement. Because the reliability function of a TSL random variable is given by 
Methodology
In order to minimize a function ) (t g subject to b t a ≤ ≤ the Golden Section Method, which employs the following steps to calculate the optimum value may be used.
Step 1 Step 4: Let
and go to Step 5.
Step This numerical example was performed assuming that the failure data follows the ) 1 , 1 ( TSL model and it has been observed that to optimize the cost, maintenance should be scheduled at 1.631 units of time.
Block Replacement Policy and TSL Probability Distribution Consider the case of the BlockReplacement Policy, or the constant interval policy. In this policy preventive maintenance is performed on the system after it has been operating a total of * t units of time, regardless of the number of intervening failures. In the case where the system has failed prior to the time * t , minimal repairs are be performed. Assume that the minimal repair will not change the failure rate of the system and that preventive maintenance renews the system to its original new state. Thus, the goal is to find the time * t that minimizes the expected repair and preventive maintenance costs. The total expected cost per unit time for preventive replacement at time It is known that the expected number of failures in the interval (0, t * ) is the integral of the failure rate function, that is ( )
Therefore, if the failure of the system follows the TSL distribution it may be observed that 
Maintenance Over a Finite Time Span
The problem concerning the preventive maintenance over a finite time span is of great importance in industry. It can be viewed in two different perspectives based on whether the total number of replacements (failure + planned) times are known or unknown. The first case is straightforward and has been addressed in the literature for a long time. Barlow et al. (1962) Case 2: T * < T In this case the PM interval is greater than the planning horizon so there is no preventive maintenance but there is a chance of failure maintenance. Hence the total cost incurred will be The interest here lies in finding the preventative maintenance time T that minimizes the cost of the system. Consider a numerical example to determine whether the minimum exists if the failure model is assumed to be TSL (1, 1) . A random sample of size 100 was generated from TSL (1, 1) and a time T to perform preventive maintenance was fixed. The preventive maintenance cost c 1 = 1 was set along with the failure replacement cost c 2 = 1, 2 and 10. The process was repeated several times and the total cost for first 40 failures was computed. All necessary calculations were performed using the statistical language R. In the table 3 Conclusion This study presented a comparison of the truncated skew Laplace probability distribution with the two parameter gamma probability distribution and hypoexponential probability distribution. A detailed procedure was also provided to apply the truncated skew Laplace probability distribution in the maintenance system.
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